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Abstract
It is well known that the teleparallel equivalent of general relativity yields the same vacuum
solutions as general relativity does, which ensures that this particular teleparallel model is in
good agreement with experiments. A less known result concerns the existence of a wider class
of teleparallel models which also admits these solutions when the spacetime is diagonalizable by
means of a coordinate change. However, it is stated in Ref. [Phys. Rev. D 67, 044016 (2003).] that
the teleparallel equivalent of general relativity is the only teleparallel model which admits black
holes. To show that this statement is not true, I prove the existence of this wider class by taking
an approach different from that of Ref. [Phys. Rev. D 19, 3524 (1979)].
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I. INTRODUCTION
The most attractive teleparallel model is known as teleparallel equivalent of general rela-
tivity (TEGR). This model is well known for being formally equivalent to general relativity
(GR), at least in the absence of matter fields. This equivalence means that both the TEGR
and GR theories have the same solutions and, therefore, they are on the same experimental
footing. Nonetheless, the experiments carried out so far do not test the validity of all these
solutions. In fact, they test only the weak field approximation of these solutions, with the
Schwarzschild solution playing the main role. Because of this, there is no reason to have a
teleparallel model that is equivalent to GR. It is only convenient that these models possess
solutions such as the Schwarzschild and Robertson-Walker ones. Therefore, a class of models
wider than the TEGR which possesses the same solution as GR does for a diagonalizable
spacetime would enlarge significantly the number of models that are likely to agree with
experiments.
This wider class of teleparallel models has already been proved to exist [1]. It is intriguing
to note, however, that the authors in Ref. [1] do not emphasize this result: they do not
mention it in either the abstract or the introduction of their paper. Perhaps, that is the
reason why this result is not widely known. As an example, in Ref. [2], it is stated that
the TEGR is the only teleparallel model which admits black holes (meaning Schwarzschild
solution, too). The same statement is also present in Ref. [3]. This statement not only
contradicts the existence of the mentioned class, but also the results in Ref. [2]. To clarify
this point and emphasize the meaning of this wider class, I show the result obtained in Ref.
[1] by analyzing the equivalence between two teleparallel Lagrangians.
Let us see the notation used here. The holonomic and anholonomic indices are denoted
by Greek and Latin letters, respectively. These indices run over 0–3 and, when numbered,
the anholonomic indices appear between round brackets. As an example, we have T a =
(T (0), T (1), T (2), T (3)). The tetrad fields are represented by ea (frame) and e
a (coframe),
whose components in the coordinate basis are denoted by e µa and e
a
µ, respectively. As
usual, the coordinate basis is denoted by ∂µ, which stands for ∂/∂x
µ with xµ being a certain
coordinate system. The components of the metric tensor in the tetrad basis are ηab =
diag(+1,−1,−1,−1), while the ones in the coordinate basis are denoted by gµν . I use
square brackets around indices to represent the antisymmetric part of a tensor.
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My conventions are as follows. LetM be a manifold endowed with a metric g and a linear
connection ∇. Let V, U,W be vectors belonging to the tangent bundle of M . The torsion
tensor T (V, U) is defined by
T (V, U) ≡ ∇V U −∇UV − [V, U ], (1)
and its components are denoted by T abc ≡< e
a, T (eb, ec) >, where in this definition I am
using the standard convention < df, ∂µ >= ∂µf with f being an arbitrary function.
II. THE MISINTERPRETATION IN REF. [2]
In teleparallelism there exists a special frame ea in which the affine connection coefficients
vanish. This special frame and its dual basis ea will be used in all calculations performed in
this paper.
In the frame ea, the torsion components take the form:
T abc = 2e
µ
b e
ν
c e
a
[ν, µ], (2)
where the comma stands for partial derivative.
A general teleparallel model, sometimes also called “new general relativity” (NGR), can
be described by the Lagrangian
T ≡ a1T
abcTabc + a2T
abcTbac + a3T
aTa, (3)
where Ta ≡ T
b
ba.
The TEGR is the particular case where a1 = −1/4, a2 = −1/2, and a3 = 1. So, the
Lagrangian (3) becomes
T˚ ≡ −
1
4
T abcTabc −
1
2
T abcTbac + T
aTa. (4)
Let us now see the misinterpretation in Ref. [2]. To compare the parameters “as” defined
here with those in Ref. [2], one may use the relations:
a1 = (2a˜1 + a˜3)/6, a2 = −(a˜3 − a˜1)/3,
a3 = (a˜2 − a˜1)/3, (5)
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where I have denoted the parameters used in Ref. [2] with a tilde to differentiate them from
the ones defined here. In this reference, the NGR is defined as being the model with the
values (see section V there):
a˜1 = −1, a˜2 = 2, a˜3 6= 1/2, (6)
which, from the relations (5), one can easily verify that it corresponds to the choice
a3 = 1, a2 = −1− 2a1, a1 6= −1/4. (7)
It is shown in this reference that all models with a˜1 = −1, and a˜2 = 2, regardless of the
value of a˜3, admits the Schwarzschild solution. This clearly includes what they have defined
as the NGR. However, at the end of section XII, the authors say that the TEGR is the only
model which admits the Schwarzschild solution, which is a misinterpretation of their own
result.
III. THE CASE OF A DIAGONALIZABLE SPACETIME
The model based on the values (6) not only admits the Schwarzschild solution, but also
has the same vacuum solutions as GR does whenever the spacetime is diagonalizable. This
was shown in Ref. [1] by using the field equations. Here, I will prove this result by comparing
the Lagrangians (3) and (4) when the spacetime is diagonalizable.
Let us begin by proving that not all spacetimes allow for a diagonal tetrad field written
in terms of a certain coordinate basis. Let {f0, f1, f2, f3} be a set of functions. If we are
able to write a tetrad field as e(µ) = fµ¯dx
µ, where xµ is a particular coordinate system and
the bar over the index means “this one must not be contracted”, then the metric in these
coordinates is diagonal, that is, g = ηabe
a ⊗ eb = η(µ)(ν)fµ¯fν¯dx
µ ⊗ dxν . This means that if
no coordinate system diagonalizes the metric, then no diagonal tetrad can exist. In turn,
it is well known that not all spacetimes have a diagonalizable metric (Kerr spacetime is an
example), and hence it is not always possible to find a diagonal tetrad.
Since we can always find a diagonal tetrad for a diagonal metric, and vice versa, we can
take both of them as being diagonal whenever the metric is diagonalizable by assuming that
g is diagonal in the coordinate system xµ. In this case, we can write
e(α)µ = fµ¯δ
α
µ , e
µ
(α) = f
−1
µ¯ δ
µ
α, gµν = f
2
µ¯η(µ)(ν),
gµν = f−2µ¯ η
(µ)(ν). (8)
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Note that when we have an index in a Kronecker delta, we can exchange its counterparts
with bars for the other index in the delta. As an example, we have Bµ¯Cµ¯δ
α
µ = Bα¯Cα¯δ
α
µ.
This is important when contracting indices, as in BµCµ¯δ
α
µ = B
αCα¯ for example. Note,
however, that BµgµνCµ¯ is not the same as BνCν¯ .
From Eq. (2), it is straightforward to verify that
T abcTabc = 4g
µαgβνea[ν,µ]ea[β,α] (9)
and
T abcTbac = 4e
α
a e
µ
b g
βνea[ν,µ]e
b
[β,α]. (10)
The substitution of the relations (8) into the expressions (9) and (10) lead to
T abcTabc = 2
3∑
j=0
(fµ¯jfj)
−2fj,µjfj,αjη
(µj)(αj ) (11)
and
T abcTbac =
3∑
j=0
(fµ¯jfj)
−2fj,µjfj,αjη
(µj)(αj), (12)
where the indices with subscript run over all possible numbers except the one in the subscript,
for example µ1 = 0, 2, 3.
From Eqs. (11) and (12), we see that T abcTabc = 2T
abcTbac. By using this result in the
Lagrangians (3) and (4) and assuming that T equals T˚ , we obtain
a3T
aTa + (2a1 + a2)T
abcTbac = T
aTa − T
abcTbac, (13)
which is clearly satisfied for
a3 = 1, 2a1 + a2 = −1. (14)
These values include the cases (4) and (7).
For the values (14) and the spacetime (8), the Lagrangians (3) and (4) are equivalent
to each other, which means that the models based on them posses the same solutions.
Moreover, since both T abcTabc and T
abcTbac are scalars, once the equation T
abcTabc = 2T
abcTbac
is satisfied, it must hold in any frame and any coordinate system, including those in which
the metric and tetrad fields are not diagonal. As a consequence, the Lagrangian T with the
values (14) yields the same field equations as GR does for any diagonalizable metric.
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The existence of a coordinate change which diagonalizes the metric is not a necessary con-
dition for the equation T abcTabc = 2T
abcTbac to hold. As an example of a non-diagonalizable
metric which satisfies this equation, we have the generic plane-wave metric [4]
ds2 = 2du [dv +H(u, x, y)du]− dx2 − dy2, (15)
where H is an arbitrary function. It is easy to check that, for this spacetime, both (9) and
(10) vanish. Therefore, the plane-wave solutions of GR are the same as that of T when we
take the values (14).
IV. FINAL REMARKS
In Ref. [1] the authors show the previous result for a diagonal metric from a completely
different approach (see section VII there). They obtain the field equations in terms of the
irreducible decomposition of torsion and verify that, when the spacetime is diagonal, the
axial-vector part of the torsion vanishes. As a result, the field equations reduces to those of
GR. It is worth mentioning that the result presented in the previous section was obtained
without the knowledge of this reference, which helps to ensure its validity.
Perhaps, the most important feature of this result is that it enlarges the number of
teleparallel models which are likely to agree with experimental tests, since the most well-
established spacetimes are diagonalizable: the Schwarzschild and Robertson-Walker ones. It
is likely that only in experiments with strong gravity one is able to detect the gravitational
effects that prevent the spacetime from being diagonalizable. Even in this case, one will
not be able to distinguish these models if the experiments deal with the detection of plane
gravitational waves.
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